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For relativistic Weyl fermions in 3+1 dimensions, an electric current propor-
tional to the external magnetic field is predicted. This remarkable phenomenon
is called Chiral Magnetic Effect (CME). Recent studies on “Weyl semimetals”
in condensed matter physics renewed the interest on the subject as a realistic
problem which can be investigated experimentally. Here we show that actual
transports in Weyl semimetals supporting CME cannot be discussed without
proper consideration of the law of electromagnetism. That is, the current and
electromagnetic fields are not only related by the CME but also via electro-
magnetic induction and Ampe`re’s law. These intertwinings lead to observable
transport properties governed by CME rather different from what one would
expect naively from CME. First, even in the absence of an external magnetic
field, CME leads to a material-independent, universal effective capacitance un-
der certain conditions. Moreover, the induced current by a time-dependent
external magnetic field can be resonantly enhanced reflecting a formation of
electromagnetic standing waves. Our results imply that electromagnetism plays
an essential role in electromagnetic properties of topological semimetals and its
considerations is essential for the applications of CME to future electronics.
Interface between quantum field theory and condensed matter physics has been a source
of many important developments. Weyl fermions and accompanying chiral anomaly is a par-
ticularly notable example. Their realization and consequences in condensed matter physics
were discussed earlier as an offspring of the Nielsen-Ninomiya theorem in lattice field the-
ory [1], and then were revisited later in the context of quantum phase transitions [2]. More
recently, a realization of Weyl fermions were predicted in pyrochlore iridates based on an ab
initio calculation, and dubbed as Weyl semimetals [3]. This sparked a remarkable surge in
2the theoretical and experimental activities. Since then, Weyl semimetals have been reported
to be experimentally confirmed in TaAs, NbP, and NbAs [4–8], for example.
These developments bring up the hope that CME [9] may be also observed experimen-
tally [10–17]. Indeed, although it is still controversial [18, 19], the giant negative quadratic
magnetoresistance observed in Dirac semimetals [20, 21] strongly suggests that the physics
of relativistic fermions, in particular the chiral anomaly [22], is indeed taking place in these
materials. However, at present there is no direct observation of CME in the original sense of
an electric current driven by the external magnetic field. In the following, we explore possi-
ble observations of CME in terms of the induced current. In lattice models CME vanishes
as a static effect in the thermal equilibrium [23, 24] but may exist in the non-equilibrium
limit [14, 16]. Thus we consider the CME at a finite frequency ω, characterized by a finite
chiral magnetic conductivity σch(ω) so that
jch(ω) = σch(ω)B(ω). (1)
However, there is an important issue to be addressed carefully for any discussion of possible
observation of the CME: the electric and magnetic fields, and electric charge and current
densities have to obey the laws of electrodynamics.
CME can be regarded as a Chern-Simons type extension of electromagnetism. As is
known [25, 26] in such cases the law of electromagnetism may lead to nontrivial responses.
In this letter, by solving the Maxwell-Chern-Simons (MCS) equations we demonstrate that
CME will qualitatively change transport properties of matter, in a rather unexpected way.
As we will show, the physically observed conductance is not simply given by the chiral
magnetic conductivity σch(ω), even when it is governed by the CME. Our results imply that
the electromagnetism is fundamental for actual transports in Weyl semimetals and that
proposals for their applications to future electronics [27] need careful considerations on this
issue.
We consider an infinitely long cylinder of the sample with nonzero chiral magnetic con-
ductivity, placed inside an infinitely long solenoid (FIG.1). While any realistic system is
of a finite length, we expect that our analysis essentially applies to such systems, as long
as there is a non-vanishing uniform component along the cylinder axis in all the physical
quantities including the current.
3FIG. 1. Schematic picture of our setup. A solenoid (radius Rs) is represented as a surface current
between the two vacua. Inside them, a cylindrical sample (radius rs) is placed.
Fourier transforming in time, MCS equations inside the sample takes the following form:
∇ ·B = 0 (2)
∇ ·E =
ρ
ǫ
(3)
∇×E − iωB = 0 (4)
∇×B + iωǫµE = µσE + µσchB (5)
where ρ is charge density, ω is frequency, σch(ω) and σ(ω) respectively are chiral magnetic
and ordinary longitudinal conductivity. For simplicity we do not consider the Hall effect. In
the following, we assume µσ ≫ ω/c2 and drop iω/c2E inside the sample. To solve the MCS
equations, we introduce the following dimensionless constant
δ =
ωσ
µσ2ch
(6)
and consider a perturbative expansion of fields in terms of δ. According an estimation for
a lattice model[14], when the energy difference between Weyl nodes is ∆ [meV], σch is of
the order of 107 ∆ [A/m2T]. Since semimetals typically have σ ∼ 106 [S/m], |δ| is about
δ ∼ 10−2ω/∆2 for the frequency ω [Hz], if we assume µ ≃ µ0. Therefore, if we assume
∆ ∼ 100 [meV], our analysis works up to about ω ∼ 100 [kHz].
The geometry of our setup leads to the following conditions on fields, in terms of the
cylindrical coordinates (r, φ, z):
∂
∂φ
E =
∂
∂φ
B =
∂
∂z
E =
∂
∂z
B = Br = Er = 0. (7)
4Under these conditions, the equations (2) and (3) are trivial. We shall solve the remaining
equations (4) and (5) in the small-δ expansion. First we define a length scale lCML =
π/(µσch), which we call chiral magnetic length (CML). Here the factor π is introduced for a
later convenience. Scaling the radial coordinate r as x = πr/lCML, at O(δ
0) we obtain
Bz(x) = aJ0(x) (8)
Bφ(x) = aJ1(x) (9)
E(x) =
iω
µσch
B(x), (10)
where Ji(x) represents i-th Bessel function and a is an undetermined constant. Given the
solutions (8) and (10), the parameter δ can be expressed as
δ ≃
∣∣∣∣
σEz
σchBz
∣∣∣∣ =
∣∣∣∣
iωσ
µσ2ch
∣∣∣∣ , (11)
namely by the ratio of the ordinary current and the current due to CME. Therefore our
analysis is physically a large CME expansion.
Electromagnetic fields in the “vacuum 2” region between the sample and the solenoid are
derived in the Supplementary Material. In the lowest order of ωrs/c and ωRs/c, they are
given by:
Bvac2z (r) = −
2i
πc
log
[ω
c
r
]
eY2 +K (12)
Bvac2φ (r) = −
2c
πω
1
r
bY2 (13)
Evac2z (r) =
2ic
π
log
[ω
c
r
]
bY2 . (14)
Evac2φ (r) = −
2c
πω
1
r
eY2 +
iω
2
Kr, (15)
where eY2 and b
Y
2 are undetermined constants. K/µ0 is the current flowing the solenoid in
the angular direction per length of the cylinder. The three unknown coefficients, a, eY2 , and
bY2 , are related by the two boundary conditions
(Ecylφ − E
vac2
φ )|r=rs = (E
cyl
z − E
vac2
z )|r=rs = 0, (16)
where rs is the radius of the cylindrical sample, and “cyl” denotes the fields inside the
sample. Thus there is one remaining undetermined constant.
Below, we discuss transport properties of the cylinder based on the solutions we obtained.
The total current Itotz flowing along the cylindrical axis is simply given by
Itotz = −
4c
µ0ω
bY2 , (17)
5thanks to Ampe`re’s law and Eq. (13).
First, we consider a situation where a definite amount of current Itotz is injected to the
cylinder and the voltage drop along the cylindrical axis is measured. We can then define
the complex electric conductance (admittance) G by the ratio of Itotz and EzL, in which the
residual undetermined constant bY2 cancels. The admittance G of a cylinder with length L
is then uniquely determined as G = −iωC, where
C =
iI totz
ωLEz
≃
2π
µ0ω2L log
[
c
ωrs
] , (18)
is real and positive in a realistic setting ωrs ≪ c. That is, with the current leading the
voltage by the phase π/2, the response in this order is purely capacitive with the effective
capacitance (18). Qualitatively, this effective capacitive behavior may be understood as a
consequence of the proportionality (10) between the magnetic and electric fields in the sam-
ple, and the local CME relation (1). The proportionality (10) implies that the admittance
G, being the ratio between the voltage drop along the cylinder axis and the CME-induced
current, does not depend on the solenoid current K. Thus, in terms of the admittance, the
same capacitive transport governed by CME is observed even without applying any magnetic
field externally (K = 0)! We note that, while the setting and actual responses are different,
there is a similarity between the capacitive transport and the screening of the electric field
in “axionic” materials which is also related to the MCS [26].
On the other hand, the quantitative estimate of the effective capacitance requires the
analysis of the MCS equation with proper boundary conditions as described above. It is
remarkable that the final result (18) does not contain any of the material parameters: ǫ, µ, σ,
and σch. Since our analysis is based on the macroscopic electromagnetism, all the details of
the system are renormalized in those parameters. Therefore, the effective capacitance (18)
is a material independent, universal quantity. It should be stressed that, although the
formula (18) does not depend explicitly on the chiral magnetic conductivity σch, it is a
consequence of CME as it is obtained in the leading order in the large CME expansion.
In any case, the result is quite different from what would be expected naively from CME
without taking the law of electromagnetism into account.
Next, we evaluate the response of the total current Itotz to the applied external magnetic
field induced by the solenoid current K. Without taking the electromagnetism into account,
it would be simply given by the cross section of the cylinder times the current density:
6I totz = πr
2
sσchK. However, we shall see that the result is rather different. In this case we
have to specify the undetermined constant explicitly by imposing an additional condition.
Here we assume that the “back-reaction” terms proportional to eY2 , which can only exist in
the presence of the sample, are small compared to terms proportional to K. Then we have:
I totz =
πrsJ0(µσchrs)
µ0J1(µσchrs) log
[
c
ωrs
]K. (19)
This current vanishes for ω → 0 due to the divergence of the denominator. As is known,
CME in lattice models does not exist in thermal equilibrium. Here we obtained a stronger
result: even if σch(ω → 0) is non-vanishing, the total current induced by a solenoid vanish
(logarithmically) for ω → 0 if we take into account the law of electromagnetism.
In FIG. 2, we show I totz for the following parameters: µσch = 1 [mm
−1], ω = 100 [Hz], B =
1 [Gauss]. It is clear that the current is resonantly enhanced if J1(µσchrs) = 0 is satisfied.
FIG. 2. Blue line: Total current Itotz [A] for parameters µσch = 1 [mm
−1], ω = 100 [Hz], B =
1 [Gauss]. Red: J1(µσchrs) in an arbitrary unit. The current is resonantly enhanced for rs satisfying
J1(µσchrs) = 0 represented by a dashed line.
Using the chiral magnetic length lCML, the condition is represented as:
rs
lCML
≃ (Z+
1
4
) (20)
since J1(y) →
√
2/πy cos(y − 3π/4) for y → ∞. lCML is the characteristic length scale of
electromagnetic fields inside the sample so the resonances correspond to formation of two-
7dimensional electromagnetic standing waves. As we noted, σch is about 10
7 ∆ where ∆ is
the energy difference between Weyl nodes in the unit of meV. lCML = π/(µσch) is then given
by ∼ 100π/∆ [mm]. Therefore, when ∆ = 100[meV], the resonances will be achieved for
rs ≃ π(Z+ 1/4)[mm].
Even away from the resonances, our result is still peculiar. If we assume µσchrs ≪ 1, in
the lowest order we have:
I totz ≃ −
2lCML
µ0 log
[
ω
c
rs
]K. (21)
This means that in this parameter region, the induced current is monotonically “decreasing”
as a function of σch.
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8Appendix A: Electromagnetic fields in the vacuum
To implement a solenoid in the framework of the Maxwell’s equations, we divide the
vacuum region outside the material into two vacua (FIG. 1), inside and outside the solenoid.
We then impose the following boundary conditions between them:
Evac2z (r = Rs)− E
vac1
z (r = Rs) = 0 (A1)
Evac2φ (r = Rs)− E
vac1
φ (r = Rs) = 0 (A2)
Bvac2z (r = Rs)− B
vac1
z (r = Rs) = K (A3)
Bvac2φ (r = Rs)− B
vac1
φ (r = Rs) = 0 (A4)
where “vac 1” and “vac 2” label the two vacua, K models the current flowing the solenoid
in the angular direction, and Rs is the radius of the solenoid. Using (7), the fields are
determined as a solution of the Maxwell’s equations in the vacuum:
Evac1,2z (r) = ic
[
bJ1,2J0
(ω
c
r
)
+ bY1,2Y0
(ω
c
r
)]
(A5)
Bvac1,2φ (r) = b
J
1,2J1
(ω
c
r
)
+ bY1,2Y1
(ω
c
r
)
(A6)
Bvac1,2z (r) =
1
ic
[
eJ1,2J0
(ω
c
r
)
+ eY1,2Y0
(ω
c
r
)]
(A7)
Evac1,2φ (r) = e
J
1,2J1
(ω
c
r
)
+ eY1,2Y1
(ω
c
r
)
. (A8)
Here eJ,Y1,2 and b
J,Y
1,2 are undetermined constants and Ji, Yi are Bessel functions of the first and
second kind respectively. To determine the unknown coefficients, first we require causality in
“vacuum 1” region. In other words, we require the non-existence of “incoming waves” from
the infintiy. This is equivalent to force the fields to be regular in Imω > 0. Because both
Ji
(
ω
c
r
)
and Yi
(
ω
c
r
)
diverge for ω → i∞, to meet the requirement, we have to take a linear
combination of them to cancel out the divergence (notice that because we can take we can
take r →∞ in this region, the unknown coefficients cannot regularize the divergence). Then
it turns out that the Hankel function: Hi
(
ω
c
r
)
= Ji
(
ω
c
r
)
+ iYi
(
ω
c
r
)
is the only combination
regular in the upper half complex plane of ω. Therefore, causality requires eY1 = ie
J
1 and
bY1 = ib
J
1 .
Then (A1)∼(A4) give the following results with only two unknown coefficients eY2 and
9bY2 :
Evac2z = c b
Y
2 H
r
0 (A9)
Bvac2φ = −i b
Y
2 H
r
1 (A10)
Bvac2z = −
1
c
eY2 H
r
0 −
π
2ic
ωRsH
Rs
1 KJ
r
0
Evac2φ = −ie
Y
2 H
r
1 −
π
2
ωRsH
Rs
1 KJ
r
1
where we have used abbreviated notations like Hi(ωRs/c) ≡ H
Rs
i and Ji(ωRc/c) ≡ J
Rs
i .
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